Abstract. In this paper we prove non-existence and classification results for elliptic fully nonlinear elliptic degenerate conformal equations on certain subdomains of the sphere with prescribed constant mean curvature along its boundary. We also consider non-degenerate equations. Such subdomains are the hemisphere (or a geodesic ball in S m ), punctured balls and annular domains.
Introduction
Let (M n , g 0 ) be a compact orientable Riemannian manifold with smooth boundary and dimension n ≥ 3. Let us denote by R(g 0 ) its scalar curvature and by h(g 0 ) its boundary mean curvature with respect to the outward unit normal vector field. If g = u where ∆ g0 is the Laplacian with respect to the metric g 0 and η is the outward unit normal vector field along ∂M. The problem of existence of solutions of (1) when R(g) and h(g) are constants is referred as the Yamabe problem which was completely solved when ∂M = ∅ in a sequence of works, beginning with H. Yamabe himself [34] , followed by N. Trudinger [33] and T. Aubin [1] , and finally by R. Schoen [29] . When the manifold (M, g 0 ) is complete but not compact, the existence of a conformal metric solving the Yamabe Problem does not hold in general, as we can see in the work of Zhiren [35] .
In the case M is compact with nonempty boundary almost all the cases were solved by the works of J. Escobar [8, 9, 10, 11] , continued by F. Marques [26] among others. We will also refer to this problem as the Escobar Problem.
By far the most important is the case where M is the closed unit Euclidean ball or equivalently, the closed hemisphere S n + endowed with the standard round metric g 0 and R(g) is a constant. Regarding to the existence of solutions, J. Escobar proved the following Theorem [11] . Let Ω ⊂ R m , m > 6, be a bounded domain with smooth boundary. There exists a smooth metric g conformally related to the Euclidean metric such that the scalar curvature of g is zero and the mean curvature of the boundary with respect to the metric g is (positive) constant. Also, J. Escobar proved:
Theorem [9] . Any bounded domain in the Euclidean space R m , with smooth boundary and m ≥ 3, admits a metric conformal to the Euclidean metric having (non-zero) constant scalar curvature and minimal boundary. Regarding to the classification of solutions to the Escobar Problem, in the case that (M, g 0 ) is the closed Euclidean ball B m , J. Escobar showed that the solution to the Yamabe Problem with Boundary must have constant sectional curvatures. Also, he proved that the space of solutions in the Euclidean ball is empty when the scalar curvature is zero and the mean curvature is a non-positive constant [8] .
The existence of solutions to the Yamabe problem on non-compact manifolds (M, g 0 ) with compact boundary was proved for a large class of manifolds in the work of F. Schwartz [31] . He proved that the Riemannian manifolds that are positive and their ends are large have a conformal metric of zero scalar curvature and constant mean curvature on its boundary (see [31] for details). Even more, F. Schwartz proved the following:
Theorem [31] . Any smooth function f on ∂M can be realized as the mean curvature of a complete scalar flat metric conformal to g 0 . The Yamabe Problem opened the door to a rich subject in the last few years: the study of conformally invariant equations. More precisely, given a smooth functional f (x 1 , . . . , x m ), does there exist a conformal metric g = e 2ρ g 0 in M such that the eigenvalues λ i of its Schouten tensor satisfy f (λ 1 , . . . , λ m ) = c in M?
Given a Riemannian manifold (M m , g), m ≥ 3, the Schouten tensor of g is given by Sch(g) :
where Ric(g) and R(g) are the Ricci tensor and the scalar curvature function of g respectively. Note that f (x 1 , . . . , x m ) = x 1 + · · · + x m reduces to the Yamabe Problem. It is of special interest to consider f (λ) ≡ σ k (λ) 1/k , λ = (λ 1 , . . . , λ m ), where σ k (λ) is the k−th elementary symmetric polynomial of its arguments λ 1 , . . . , λ m and set it to be a constant, i.e., σ k (λ) = constant, such problem is known as the σ k −Yamabe Problem. This is an active research topic and has interactions with other fields as Mathematical General Relativity [5, 17] .
Interesting problems arise in this context of conformally invariant equations. One of them is the classification of complete conformal metrics satisfying a Yamabe type equation on a subdomain of the sphere, in the line of Y.Y. Li and collaborators [20, 21, 22, 23, 24, 25] . Also, it is interesting to find non-trivial solutions of conformal metrics on subdomains of the sphere prescribing the scalar curvature in the interior, or other elliptic combination of the Schouten tensor, and the mean curvature of the boundary. Such problem is related to the Min-Oo conjecture when we consider the scalar curvature inside. S. Brendle, F.C. Marques and A. Neves [4] showed the existence of such non-trivial metric in the hemisphere, however such metric is not conformal to the standard one. In other words, could one find conditions on the interior and the boundary that imply that such conformal metric is unique (see [25, 32] )? In this work we will focus in the case M is a subdomain of the m−dimensional sphere S m . Let us explain in more detail the meaning of a fully non-linear conformally invariant elliptic equation. Originally, these type of equations are second order elliptic partial differential equations in R m . The problem is to find a function u > 0 satisfying an identity of the type 2m u • ψ, and Jψ is the Jacobian of ψ. For more details see [22] .
One can check that if there is a smooth positive function u : R m → R such that F ·, u, ∇u, ∇ 2 u = c, then, from (2), we have that
for any Möbius transformation in R m . Aobing Li and YanYan Li proved a fundamental relation between solutions of this type of equations and the eigenvalues of the Schouten tensor of a conformal metric related to such solution. Specifically:
Theorem [22] . Let F(·, u, ∇u, ∇ 2 u) be conformally invariant on
where
and I is the m × m identity matrix. Moreover, F(0, 1, 0, ·) is invariant under orthogonal conjugation, i.e.,
where S m×m is the set of m × m symmetric matrices .
Thus the behavior of F ·, u, ∇u, ∇ 2 u is determined by the matrix A u , such matrix is nothing but the Schouten tensor of the conformal metric g = u 4 n−2 g Eucl . Then, in order to define a conformally invariant equation, we use functions F ∈ C 1 (U ) ∩ ∈ C 0 U , where U is an open subset of S m×m , such that the following conditions hold:
(1) for all O ∈ O(m): O −1 AO ∈ U for all A ∈ U , (2) for all t > 0: tA ∈ U for all A ∈ U , (3) for all P ∈ P: P ∈ U , where P ⊂ S m×m is the set of m×m positive definite symmetric matrices, (4) for all P ∈ P: A + P ∈ U for all A ∈ U , (5) 0 ∈ ∂U . Also, the second order differential equation will be elliptic if the function F satisfies
The above conditions on (F, U ) allow us to simplify the function to a functional acting on the eigenvalues of the Schouten tensor, i.e., on the eigenvalues of A u . In order to make this explicit, let us define the following subsets:
for all x ∈ Γ it holds ∇f (x) ∈ Γ m . Now, we will see how to obtain the open set U ⊂ R m and the function F : U → R satisfying the above properties from the data Γ and f . The pair (f, Γ) is called elliptic data. From f : Γ → R we define
where λ(A) = (λ 1 , . . . , λ m ) are the eigenvalues of A. Since Γ is symmetric it is well defined. Also we define F (A) = f (λ(A)). Observe that the function F : U → R is in C 1 (U ) and it can be continuously extended to U such that F | ∂U = 0. Then, this function F : U → R and the set U satisfy the properties listed above.
Hence, the problem with elliptic data (f, Γ) for conformal metrics in a domain Ω ⊂ S m is to find a conformal metric g = e 2ρ g 0 to the standard metric g 0 such that
where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of g = e 2ρ g 0 and c is a constant. We can also distinguish two cases, when c > 0 is a positive constant, without loss of generality we can consider c = 1, the problem is called non-degenerate. When the constant satisfies c = 0, the problem is called degenerate.
By the stereographic projection, any domain of R m corresponds to a domain in S m . Moreover, the stereographic projection is conformal, hence, any conformal equation in a domain of R m can be seen as a conformal equation in the corresponding domain in S m , and vice-versa. Therefore, henceforth we will consider conformally invariant equations in subdomains of the sphere (S m , g 0 ) endowed with its standard metric. Now, take g = e 2ρ g 0 in Ω ⊆ S m . The Yamabe problem for R(g) = 1 and h(g) = c, where h(g) is the boundary mean curvature with respect to the outward unit normal vector field, is equivalent to find a smooth function ρ on Ω such that
Posed in this form, (3) can be generalized to other functions of the eigenvalues of the Schouten tensor. For instance, one may consider the σ k -Yamabe problem on S m + considering the k-symmetric function of the eigenvalues of the Schouten tensor [27, 28] . In this work we are interested in the fully nonlinear case of this problem, in the line opened by A. Li and Y.Y. Li [22, 23, 24] . Namely, given (f, Γ) an elliptic data and, b ≥ 0 and c ∈ R, find ρ ∈ C 2,α (S m + ) so that g = e 2ρ g 0 is a solution of
h(g) = c, on ∂S m + . M.P. Cavalcante and J.M. Espinar [6] have shown by geometric methods that
Using analytic methods, A. Li and Y.Y. Li [24] proved the result above. Nevertheless, M.P. Cavalcante and J.M. Espinar went further and they dealt with annular domains, as J. Escobar did [8] for the scalar curvature, in the fully nonlinear elliptic case. Let us denote by n ∈ S m + ⊂ S m the north pole and let r < π/2. Denote by B r (n) the geodesic ball in S n centered at n of radius r. Note that, by the choice of r, ∂S m + ∩ ∂B r (n) = ∅. Denote by A(r) = S m + \ B r (n) the annular region determined by S m + and B r (n). Note that the mean curvature of ∂B r (n) with respect to g 0 and the inward orientation along ∂A(r) is a constant h(r) depending only on r. Let us consider the problem of finding a conformal metric in A(r) satisfying an elliptic condition in the interior and whose boundary components, ∂B r (n) and ∂S m + , are minimal.
In other words, given (f, Γ) an elliptic data, find ρ ∈ C ∞ (A(r)) so that the metric g = e 2ρ g 0 satisfies
In the above situation, M.P. Cavalcante and J.M. Espinar obtained:
Theorem [6] . Let ρ ∈ C 2,α (A(r)) be a solution of (5). Then, g = e 2ρ g 0 is rotationally symmetric metric in A(r).
This work is organized as follows. To facilitate access, the sections are rendered as self-contained as possible. In Section 2, we first review the local relationship between horospherically concave hypersurfaces in H m+1 and conformal metrics in
We begin by giving the definition of the Hyperbolic Gauss map for an oriented immersed hypersurface in H m+1 . In such definition, we use the boundary at infinity of the Hyperbolic space, also called ideal boundary of H m+1 , that is, the sphere S m . There are sufficient and necessary conditions for the hyperbolic Gauss map to be a local diffeomorphism. One of these conditions is related to the regularity of the light cone map of an oriented hypersurface. Other conditions are related to the principal curvatures of the given oriented hypersurface. Then, we define one of the important objects in our study, horospherically concave hypersurfaces in H m+1 . These hypersurfaces are oriented and they have the property that its Hyperbolic Gauss map is a local diffeomorphism. The importance of this class of hypersurfaces is that, locally, we can give a conformal metric over the image of the Hyperbolic Gauss map (conformal to the standard metric g 0 in the sphere S m ). Suppose that g = e 2ρ g 0 is this conformal metric, ρ ∈ C 2,α (Ω), where Ω is a small open set that is contained in the image of the Hyperbolic Gauss map, the function ρ has a geometric interpretation that is related to tangent horospheres to the original hypersurface. In the Poincaré ball model, ρ is the signed hyperbolic distance between the tangent horosphere and the origin of the Poincaré ball model.
We have to recall now the Local Representation Theorem:
be a piece of horospherically concave hypersurface with Gauss map
Moreover, the eigenvalues λ i of the Schouten tensor of the horospherical metric g = e 2ρ g 0 and the principal curvatures κ i of φ are related by
Conversely, given a conformal metric g = e 2ρ g 0 defined on a domain of the sphere Ω ⊆ S m such that the eigenvalues of its Schouten tensor are all less than 1/2, the map φ given above defines an immersed, horospherically concave hypersurface in H m+1 whose Gauss map is G(x) = x for x ∈ Ω and whose horospherical metric is the given metric g. By the Local Representation Theorem, one can see that the function ρ is all we need to recover the original hypersurface. Such theorem is of great importance because we can obtain horospherically concave hypersurfaces with injective Gauss map from conformal metrics defined in domains Ω of the sphere S m if we impose certain conditions. Such conformal metric is called the horospherical metric of the horospherically concave hypersurface in H m+1 . Hence, given a subdomain Ω ⊂ S m and ρ ∈ C 2,α (Ω), consider the conformal metric g = e 2ρ g 0 , then the question is: what can we say about the hypersurface given by the representation formula? It is known (cf. [2, 13] ) that if we impose certain conditions on the given conformal metric g = e 2ρ g 0 , we realize a horospherically concave hypersurface with injective map Gauss. Our first result says that such horospherically concave hypersurface is proper. Specifically, Theorem 2.3. Given ρ ∈ C 1 (Ω), the map φ : Ω → H m+1 is proper if, and only if, |ρ| 1,∞ (x) → ∞ when x → p for every p ∈ ∂Ω.
Using this theorem, we can give a condition on a complete conformal metric that guaranties that the associated map is proper. Theorem 2.6. Let g = e 2ρ g 0 be a complete metric in Ω, such that σ = e −ρ is the restriction of a continuous function that is defined in Ω. Then φ : Ω → H m+1 is a proper map.
In the following, we make use of the parallel flow of a horospherically concave hypersurface, this flow is defined using the opposite to the canonical orientation of the hypersurface. More precisely, let η be the canonical orientation along φ, then for every t > 0, we define the map φ t : Ω → H m+1 as
where γ (·, φ(x), −η(x)) is the geodesic in the Hyperbolic space H m+1 passing through φ(x) and has velocity −η(x) at that point.
In fact, the map φ t is a horospherically concave hypersurface in the Hyperbolic space H m+1 for every t > 0. The horospherical metric of φ t : Ω → H m+1 is the conformal metric g t = e 2t g, where g is the horospherical metric of φ. It is remarkable that the property of properness is invariant under the parallel flow (cf. Proposition 2.7).
Using the Local Representation Theorem we can say that the horospherically concave hypersurfaces that we get using the parallel flow correspond to dilations of the horospherical metric of the original horospherically concave hypersurface.
Another important issue about horospherically concave hypersurfaces in H m+1 is embeddedness. We will see that if we impose some extra conditions on the conformal metric, then we get embeddedness along the parallel flow.
2) ∇σ, ∇σ can be extended to a Lipschitz function on Ω.
Then, there is t 0 > 0 such that for all t > t 0 the map φ t : Ω ∪ V 1 → H m+1 associated to ρ t = ρ + t is an embedded horospherically concave hypersurface.
Also, it is natural to relate analytic conditions along the boundary of a complete conformal metric with boundary (cf. Definition 2.8) and the boundary of the associated horospherically concave hypersurface, this is our next step. If we impose the condition that the horospherical metric g = e 2ρ g 0 has constant mean curvature along the boundary ∂B r (p), then we get information about the location of the boundary of the horospherically concave hypersurface, in fact, we will see that the boundary lies in an equidistant hypersurface (Proposition 2.12). Moreover, using the parallel flow, we obtain that the horospherically hypersurfaces is contained in one of the components in the Hyperbolic space H m+1 determined by such equidistant hypersurface where its boundary is contained (cf. Theorem 2.14). Finally, we see how the parallel flow affects to elliptic problems for conformal metrics. Hence, we will be ready to prove our main results on conformal metrics by means of horospherically concave hypersurfaces in H m+1 . In what follows, we will deal with degenerate and non-degenerate elliptic problems for conformal metrics on either closed balls, punctured balls or compact annuli in the sphere S m . As said above, J. Escobar proved in [8] that, for the Yamabe problem with boundary in B m , if the scalar curvature is zero then the mean curvature can not be negative. In Section 3, we generalize such result to fully nonlinear degenerate conformally invariant equations, that is, Theorem 3.1. Let (f, Γ) be an elliptic data for conformal metrics and let c ≤ 0 be a constant. Then, there is no conformal metric
where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of g = e 2ρ g 0 .
The previous theorem can be extended to m-dimensional compact, simply-connected, locally conformally flat manifolds (M, g 0 ) with umbilic boundary ∂M and R(g 0 ) ≥ 0 on M, using a result of F. M. Spiegel [32] , Theorem 3.2. Set (f, Γ) an elliptic data for conformal metrics and c ≤ 0 a constant. Let (M, g 0 ) be a m-dimensional compact, simplyconnected, locally conformally flat manifold with umbilic boundary and
where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of the metric g = e 2ρ g 0 .
Also, using [32] , we can extend the result of Cavalcante-Espinar [6] to locally conformally flat manifolds. Specifically, Theorem 3.3. Set (f, Γ) an elliptic data for conformal metrics and c ≤ 0 a constant. Let (M, g 0 ) be a m-dimensional compact, simplyconnected, locally conformally flat manifold with umbilic boundary and
where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of the metric g = e 2ρ g 0 , then M is isometric to a geodesic ball in the standard sphere S m .
In Section 4, we study the degenerate case in the punctured geodesic ball with minimal boundary. Observe that, up to a conformal diffeomorphism acting on S m , we can consider the punctured geodesic ball as the punctured northern hemisphere. We obtain Theorem 4.1.Let g = e 2ρ g 0 be a conformal metric in S m + \ {n} that is solution of the following degenerate elliptic problem:
Now, if we assume that there is a solution
such that σ = e −ρ can be extended to a C 2 functionσ on S m + withσ(n) = 0. Such solution is called punctured solution. In particular, Theorem 4.1 says that a punctured solution is rotationally symmetric. Finally, in the non-degenerate case in the punctured closed geodesic ball, we have Theorem 4.5. Let g = e 2ρ g 0 be a conformal metric in S m + \ {n} that is solution of the following non-degenerate elliptic problem:
Next, in Section 5, we deal with degenerate problems in the compact annulus A(r), 0 < r < π/2. We first observe that every solution to the degenerate problem in A(r) with minimal boundary is rotationally invariant. Also, if there is a solution of such problem then it is unique up to dilations.
Theorem 5.1. Set r ∈ (0, π/2). If there is a solution g = e 2ρ g 0 of the following problem
then g is rotationally invariant and unique up to dilations.
Moreover, under the existence of a punctured solution, we can prove:
. If the degenerate elliptic data (f, Γ) admits a punctured solution, then there is no solution of the following degenerate elliptic problem:
In Section 6, we focus on different boundary conditions on the annulus. At one boundary component we will impose mild conditions on the metric and at the other we will impose constancy of the mean curvature of the conformal metric.
Our next result will say that any conformal metric g = e 2ρ g 0 in
satisfying certain property at its end and solution of a degenerate problem with non-negative constant mean curvature on its boundary, has unbounded Schouten tensor. In other words, we establish non-existence result for degenerate (and nondegenerate) elliptic equations in A(r, π/2]. Specifically, Theorem 6.1. Let r ∈ (0, π/2), c ≥ 0 be a non-negative constant and g = e 2ρ g 0 be a conformal metric in A r, π 2 that is solution of the following degenerate elliptic problem:
In the non-degenerate case, we have, Theorem 6.2. Let 0 < r < π/2, c ∈ R be a constant and g = e 2ρ g 0 be a conformal metric in A r, π 2 that is solution of the following non-degenerate elliptic problem:
In the last Section 7, we see that we can extend the definition of the Schouten tensor to conformal metrics to the standard one in domains of the sphere S 2 . So, we can extend the notion of eigenvalues of the Schouten tensor and we can also speak of elliptic problems for conformal metrics in domains of the sphere S 2 . There, we observe that the Yamabe Problem reduces to the classical Liouville Problem. Hence, fully nonlinear equations for conformal metrics in domains on S 2 can be regarded as a generalization of the Liouville Problem and we obtain analogous results in the two dimensional case. It is remarkable that there is a solution to the Yamabe Problem on the compact annulus with zero scalar curvature and minimal boundary, however, in dimension higher does not exist such solution. In fact, Theorem 5.2 is an extension of Escobar's Theorem (cf. [8] ), that is, if m ≥ 3, then the Yamabe Problem on the compact annulus does not have solution with scalar curvature equals to zero and minimal boundary, however, this result can not be extended to m = 2.
Hypersurfaces via conformal metrics
In this section we first briefly sketch how a conformal metric defined in a subdomain of the sphere gives rise to an immersion into the Hyperbolic space and its geometric consequences (cf. [2, 3, 6, 12, 13] ). Second, we will extend some of the results contained in the works listed above to match our purposes.
Let (S m , g 0 ) be the standard m−sphere. Let Ω ⊂ S n be a relatively compact domain and g = e 2ρ g 0 be a C ∞ conformal metric on Ω. Assume that
that is, each eigenvalue of the Schouten tensor is less than 1/2. Observe that we only need to assume that Sch g < +∞ since we can always achieve this condition by a dilation g t = e 2t g. Denote by L m+2 the standard Lorentz-Minkowski space, i.e, L m+2 = (R m+2 , , ), where , is the standard Lorentzian metric given by
In this model one can consider
that is, the Hyperbolic Space, the deSitter Space and the positive Light Cone respectively. Following [2, 13] , one can construct a representation of (Ω, g) as an immersion
and whose Hyperbolic Gauss map is given by G(x) = x. In other words, one can construct a horospherically concave hypersurface Σ = φ(Ω) with boundary ∂Σ = φ(∂Ω). Here, | · | and ∇ρ represent the norm and the gradient with respect to g 0 . Recall that the hyperbolic Gauss map is defined as follows. Let x ∈ Ω be a point in our domain and consider p := φ(x) ∈ H m+1 and v :
where γ : R → H m+1 is the complete geodesic parametrized by arc-length in H m+1 passing through p in the direction v.
Remark 2.1. Note that, from (6), if ρ ∈ C k+1 (Ω) then the immersion φ is C k , and also, the First and Second Fundamental Forms are C k−1 . It is worth noting that we only need ρ ∈ C 2 (Ω).
We recall that an immersion is horospherically concave if and only if the principal curvatures at any point are bigger than −1 with respect to the prescribed orientation η (the inward orientation for a totally umbilical sphere). Also g := dψ, dψ = e 2ρ g 0 is a Riemmanian metric, being ψ := φ − η : Ω → N m+1 + the light cone map, and it satisfies
that is, g is nothing but the First Fundamental Form of ψ. Moreover, the principal curvatures, κ i , of Σ and the eigenvalues, λ i , of the Schouten tensor of g are related by
Remark 2.2. The above representation formula (6) can be seen as the hyperbolic analog to the representation formula for convex ovaloid in R m+1 (cf. [14, 15] ) Note that the above representation formula is local in nature, that is, the Hyperbolic Gauss map is (locally) a diffeomorphism (onto its local image) and, therefore, one can use (6) to (locally) parametrize any horospherically concave ovaloid.
Throughout this work we will use different models of the Hyperbolic space. We recall now the representation formula (6) in the different models:
• Poincaré ball model: Given x ∈ Ω, the representation formula (6) is (8)
• Klein model: Given x ∈ Ω, the representation formula (6) is
Also, set σ = e −ρ , then the representation formula (6) in the Klein model can be written as
2.1. Properness. Here, we study how the behavior of φ : Ω → H m+1 depends on ρ. We characterize the properness of the associated horospherically concave hypersurface in terms of the behavior of ρ along the boundary.
Proof. From (9), the map associated to ρ, ϕ K : Ω → B m+1 , g K , is given by
for all x ∈ Ω, where σ(x) = e −ρ(x) . Taking the Euclidean norm of ϕ K we obtain
for every x ∈ Ω.
Hence, ϕ K is proper if, and only if,
which is equivalent to
Finally, that is equivalent to
In particular, we have
Remark 2.5. In [2] , the authors proved that if |ρ| Also, as a consequence of the proof of the above theorem, we obtain another condition on ρ that makes φ proper when g = e 2ρ g 0 is complete.
Theorem 2.6. Let g = e 2ρ g 0 be a complete metric in Ω such that σ = e −ρ is the restriction of a continuous function defined in Ω. Then φ : Ω → H m+1 is a proper map.
Proof. Since g = e 2ρ g 0 is a complete metric in Ω ⊂ S m , we have lim sup x→p ρ(x) = +∞ for all p ∈ ∂Ω, that is equivalent to lim inf x→p [−ρ(x)] = −∞ for all p ∈ ∂Ω. Let H : Ω → R the continuous extension of σ : Ω → R, then
Thus, lim x→p ρ(x) = +∞ for all p ∈ Ω, which implies that
2.2. Invariance of the properness. An interesting relation between conformal metrics and horospherically concave hypersurface is how they are related by dilations and geodesic flow. Let us explain this in more detail. We assume that φ : Ω → H m+1 is an horospherically concave hypersurface in H m+1 . When we move the hypersurface φ : Ω → H m+1 using the unit normal vector field −η, we have a family of horospherically concave hypersurfaces φ t : Ω → H m+1 : t > 0 . For every t > 0,
i.e.,
for all x ∈ Ω. Then the map φ t : Ω → H m+1 is well-defined with horospherical metric g = e 2t g = e 2(t+ρ) g 0 . That is, the map φ t : Ω → H m+1 is just obtained from the conformal metric g t = e 2t g by the representation formula. Since the eigenvalues of the Schouten tensor of g t are just the dilation by a factor of e −2t of the eigenvalues of the Schouten tensor of g, i.e., given x ∈ Ω and let λ 1 , . . . , λ m be the eigenvalues of the Schouten tensor of g at the point x, then the eigenvalues of the Schouten tensor of g t at the point x ∈ Ω are (10) λ i,t = e −2t λ i ≤ λ i < 1 2 for all i = 1, . . . , m, then the map φ t : Ω → H m+1 is a horospherically concave hypersurface, and clearly its horospherical metric is g t = e 2t g = e 2(t+ρ) g 0 . In conclusion, if we take t > 0, the conformal metric g t = e 2t g give rise to a horospherically concave hypersurface φ t : Ω → H m+1 with the natural orientation η t given by
Then, one observation is the following:
Proposition 2.7. Assume that φ : Ω → H m+1 is proper, then φ t : Ω → H m+1 is also proper for every t ∈ R.
2.3. From immersed to embedded. So far we have seen that the geodesic flow preserves the regularity of a horospherically concave hypersurface. Now, we study how an immersed horospherically concave hypersurface becomes embedded under the geodesic flow. We start by defining the meaning of a complete conformal metric with boundary in our situation. In other words, g is a complete metric on the manifold with boundary Ω ∪ V 1 .
Remark 2.9. In the above definition, V 2 can contain points, that is, it is permitted submanifolds that have dimension zero, or, even V 2 could be empty.
The next theorem shows that if we impose some extension condition on certain functions related to σ = e −ρ we can move along the geodesic flow and then we get an embedded hypersurface.
(1) σ · σ can be extended to a C 1,1 function on Ω. (2) ∇σ, ∇σ can be extended to a Lipschitz function on Ω. Then, there is t 0 > 0 such that for all t > t 0 the map φ t : Ω ∪ V 1 → H m+1 associated to ρ t = ρ + t is an embedded horospherically concave hypersurface.
Proof. Let ζ : S m → R be a C 1,1 -extension of σ 2 such that ζ > − 1 3 , and l ∈ C ∞ (S m ) be a Lipschitz extension of |∇σ| 2 such that also l > − 1 3 . Then, for t > 0, we have the following Lipschitz extension of ϕ t (we work on the Klein model):
Since {Φ t } t>0 converges to the inclusion S m → R m+1 uniformly on S m , there is t 0 > 0 such that for every t > t 0 , the map Φ t is embedded. Then there is t 0 > 0 such that for every t > t 0 the map ϕ t is embedded (cf. [16] ).
Also, from the equation:
and the hypothesis we have that the eigenvalues of the Schouten tensor of g = e 2ρ g 0 are bounded in Ω, so, we can choose t 0 > 0 large, such that for every t > t 0 , the map φ t : Ω → H m+1 (in the Hyperboloid model) is a horospherically concave hypersurface (see (10) ). This concludes the proof.
Let us see the difference between the Klein and Poincaré models with a simple example. Let Σ be the horospherically concave hypersurface associated to the function e −ρ = σ : Ω = {(x, y, z) ∈ S 2 : |z| < cos(π/4)} → R given by Figure 1a) , that in the Poincaré model Σ is transversal to the ideal boundary. Nevertheless, in the Klein model, Σ is tangential to the ideal boundary (cf. Figure 1b) .
As we can see, the function σ can be smoothly extended to S 2 \ {±e 3 }, in fact, Figure 1b is a smooth extension of the surface in R 3 in order to see the tangency of the surface with S 2 , the ideal boundary of H 3 .
Conditions along the boundary.
Let Ω ⊂ S m be a domain such that ∂Ω = V 1 ∪ V 2 and ρ ∈ C 2,α (Ω ∪ V 1 ). Assume that g := e 2ρ g 0 is complete in Ω ∪ V 1 (see Definition 2.8). We study how conditions on either ρ along V 1 , or geometric conditions on V 1 , influence the boundary of Σ.
In
If we consider the scaled metric g t = e 2t g in M, where t ∈ R, then the mean curvature of ∂M with respect to the unit normal vector field ν t = e −t ν g is
Therefore, if ∂M is compact then h(g t ) goes to 0 when t goes to infinity. In our case M = Ω ∪ V 1 and ∂M = V 1 .
Given p ∈ S m and r ∈ 0, π 2 , the geodesic ball of S m centered at p and radius r is given by B r (p) = {q ∈ S m : d S m (q, p) < r} and its inward unit normal along ∂B r (p) is given by
We will see that any geodesic ball B r (p) has associated a unique totally geodesic hypersurface E(a, 0) ⊂ H m+1 , here we use the Hyperboloid model, such that
where a ∈ L m+2 is a spacelike unit vector and E(a, 0) is defined by E(a, 0) = y ∈ H m+1 : y, a = 0 .
We can explicitly get the vector a from the center p and the radius r, and viceversa. Specifically, if a = (a 0 ,ā), a, a = 1, then p = 1 |a| a and cot(r) = a 0 , r ∈ 0, π 2 .
Now, we will study the boundary φ (∂B r (p)) of the associated horospherically hypersurface φ to ρ when the boundary of B r (p) has constant mean curvature with respect to the metric g = e 2ρ g 0 . Consider a complete conformal metric g = e 2ρ g 0 in a domain Ω ∪ V 1 ⊂ B r (p) such that ∂B r (p) ⊂ V 1 . Let h(g) be the mean curvature of ∂B r (p) with respect to g and the inward unit normal vector field ν g = e −ρ ν along ∂B r (p), and h 0 = cot(r).
Let φ : Ω ∪ V 1 → H m+1 be the associated horospherically concave hypersurface to the complete conformal metric g in Ω ∪ V 1 . Then, a straightforward computation shows
where ν is the inward unit normal vector field along ∂B r (p) with respect to the standard metric g 0 . Assume that h(g) = c, then
where ν(x) = csc(r)p − cot(r)x for all x ∈ ∂B r (p).
Set a = h 0 (1, x) + (0, ν(x)), since h 0 = cot(r), we have
i.e., a only depends of p and r.
Remark 2.11. In the particular case that r = π/2 and p = n, the north pole, we have
Then, from (15) and (2.11), we have that
which is an equidistant hypersurface to E(a, 0). In the case that a = (0, . . . , 0, 1), we just denote E(−c) = E(a, −c). Summarizing, we have (see [6, Claim E]):
Proposition 2.12. Under the conditions above, assuming that V 1 contains a component which is the boundary of a geodesic ball ∂B r (p), p ∈ S m , r ∈ (0, π/2], and h(g) = c along ∂B r (p), then
where E(a, −c) is the totally geodesic hypersurface equidistant to E(a, 0) given by E(a, −c) = y ∈ H m+1 : y, a = −c and a = (cot(r), csc(r)p).
We can say even more, in fact, Σ = φ (Ω) makes a constant angle with E(a, −c) along φ (∂B r (p)). Without loss of generality and for simplicity, we will assume V 1 = ∂B r (p). A unit normal vector field along E(a, −c) is given by N (y) = 
In other words, the angle α between Σ and E(a, −c) along φ (∂B r (p)) is constant and it satisfies Set
where C t ⊂ H m+1 is the half-space determined by the equidistant E(−e −t c) that contains n at its boundary at infinity. Here, ϕ t stands for the immersion along the parallel flow in the Klein model (see (9) ). Specifically (see [6, Claim C] in the compact case, i.e., for V 2 = ∅):
Then, there exists t 0 ≥ 0 such that for every t > t 0 , the set φ t (Ω ∪ V 1 ) (in the Klein model) is contained in the half-space determined by E(−e −t c) that contains n at its ideal boundary.
Proof. We work first in the Klein model. Set K = S m + \ Ω and int(K) = K \ ∂K. For every t > 0 we define the continuous extensions
Observe that {Φ t } t>0 converge to the inclusion S m + \ int(K) → R m+1 when t → ∞. We take an open set V such that
Since V \ int(K) is compact, there exists t 1 > 0 such that, for all t > t 1 , the set ϕ t V \ K is in the half-space determined by the equidistant E(−c) and contains e m+1 at its ideal boundary. Now we consider the map ϕ : S m + \ V → H m+1 . We will prove that there is t 0 > t 1 such that, for every t > t 0 , the set ϕ t S m + \ V is contained in the halfspace determined by E(−e −t c) and contains n at its ideal boundary. That will finish the proof.
Since ϕ t converges to the inclusion S m + \V → R m+1 uniformly and ∂V is compact, there is t 1 > 0 such that, for all t > t 1 , ϕ t (∂V ) is in the half-space determined by E(−c) that contains e m+1 at its ideal boundary.
From (14) , the mean curvature of ∂S m + with respect to the scaled metric g t = e 2t g, t ∈ R, is h(g t ) = e −t c along ∂S 
for all t > t 0 and for all i = 1, . . . , m, on S m + \ V . We claim that for every t > t 0 , the set φ t S m + \ V is contained in the half-space determined by E(−e −t c) and contains n at its ideal boundary. If this were not the case, we consider the foliation by equidistant hypersurfaces {E(s)} s∈R of the Hyperbolic space H m+1 , given by
We consider the first equidistant hypersurface E(s 1 ) that intersects φ t S m + \ V (cf. Figure 2a and Figure 2b ), i.e., Along the horospherically concave hypersurface φ t , we consider the opposite orientation to the canonical one, i.e, the unit normal vector field ξ t = −η t (see (11) ). Then the principal curvatures areκ i,t = −κ i,t with respect to that normal (cf. Figure 2c) .
Since the Hyperbolic Gauss map is the inclusion S m + \ V → R m+1 , the normal vector field ξ coincides with the normal N along the equidistant E(s) at the point w. The principal curvatures of E(s 1 ) with respect to N at the point w satisfy
(a) The equidistant E(s) does not intersect the hypersurface. Moreover, since φ t S m + \ V is more convex than E(s 1 ) at the point w we havẽ
at the point w.
That is,
So, at the point w, we have
but this contradicts (17) . Then, for every t > t 0 , the set φ t S m + \ V is contained in the half-space determined by E(−e −t c) that contains n at its ideal boundary.
Elliptic problems for conformal metrics in domains of
, Ω ⊆ S m , and denote by λ(g) = (λ 1 , . . . , λ m ) the eigenvalues of the Schouten tensor of g.
We want to study partial differential equations for ρ relating the eigenvalues of the Schouten tensor. For instance, the simplest example one may consider are the σ k -Yamabe problems in Ω ⊆ S m , that is, the k-symmetric functions of the eigenvalues of the Schouten tensor. We are interested in the fully nonlinear case of this problem (see [20, 21, 22, 23, 24] and references therein).
Namely, given (f, Γ) an elliptic data and a constant c ≥ 0, find ρ ∈ C 2 (Ω) so that g = e 2ρ g 0 is a solution of the problem
We must properly define the meaning of elliptic data (f, Γ) for conformal metrics.
Let Γ ⊂ R m be a convex open set satisfying:
(C1) It is symmetric. If (x 1 , . . . , x m ) ∈ Γ, then (x i1 , . . . , x im ) ∈ Γ, for every permutation (i 1 , . . . , i m ) of (1, . . . , m). (C2) It is a cone. For every t > 0, we have that t(x 1 , . . . , x m ) ∈ Γ for every (
Then, we are ready to define: Definition 2.15. We say that (f, Γ) is an elliptic data for conformal metrics if Γ ⊂ R m is a convex cone satisfying (C1), (C2) and (C3) and
This elliptic data is necessary for the definition of non-degenerate and degenerate elliptic problems.
Definition 2.16 (Elliptic problems for conformal metrics).
Given an elliptic data (f, Γ) for conformal metrics and Ω ⊂ S m a domain:
(1) The non-degenerate elliptic problem is to find a conformal metric g = e 2ρ g 0 such that f (λ(g)) = 1 in Ω where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of g. (2) The degenerate elliptic problem is to find a conformal metric g = e 2ρ g 0 such that f (λ(g)) = 0 in Ω where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of g.
There are two important remarks concerned to these equations. First, we have a particular solution in each case of special interest:
• Non-degenerate elliptic problems: a dilation of the standard metric is a solution to the problem, that is, there existst ∈ R so that g := e 2t g 0 is a solution of f (λ(g)) = 1 in Ω. This follows since f is homogeneous of degree one.
• Degenerate elliptic problems: A horosphere endowed with the inward orientation is horospherically concave as defined here. Then, the image of the Hyperbolic Gauss map is the whole sphere minus one point, the point at infinity where is based the horosphere. Hence, such horosphere defines a conformal metric g := e 2ρ H g 0 in S m \ {x}, x ∈ S m . Thus, for a domain Ω ⊂ S m \ {x}, the metric g := e 2ρ H g 0 is a solution of f (λ(g)) = 0 in Ω. This follows since all the eigenvalues of the Schouten tensor associated to g := e 2ρ H g 0 are identically zero.
Second, it is about the Maximum Principle.
• Non-degenerate elliptic problems: These equations satisfy the usual version of the Maximum Principle, Interior and Boundary (cf. [22, 23] 2.7. Dilation and elliptic problems for conformal metric. Given a conformal metric g = e 2ρ g 0 , ρ ∈ C ∞ (Ω), that satisfies an elliptic problem for conformal metrics in Ω ⊂ S m , i.e., f (λ(g)) = cte in Ω, where f : Γ → R is an elliptic function for conformal metrics (see Subsection 2.6), one can naturally ask the following question: given t 0 ∈ R, is the metric g t0 = e 2t0 g a solution of an elliptic problem for conformal metrics in Ω? The answer is affirmative in the non-degenerate case and in the degenerate case. Let see in the non-degenerate case.
Proposition 2.17. Given a solution g = e 2ρ g 0 , ρ ∈ C ∞ (Ω), of an elliptic problem with elliptic data (f, Γ) and t 0 ∈ R, then g t0 = e 2t0 g is a solution of an elliptic problem that is given for the elliptic data (f t0 , Γ) where
Proof. Since Γ ⊂ R m is a cone then e −2t0 Γ = Γ. Also ∂Γ = e −2t0 ∂Γ, then f t0 (x) = f (e 2t0 x) = 0 for all x ∈ ∂Γ, and ∇f t0 (x) = e 2t0 ∇f (e 2t0 x) ∈ Γ m for all x ∈ Γ.
It is clear that f t0 : Γ → R is symmetric and
Then, the conformal metric g t0 = e 2t0 g is a solution of the elliptic problem given by the elliptic data (f t0 , Γ).
3.
A non-existence Theorem on S m + As we have said at the Introduction, Escobar [9, 10] proved that there is no conformal metric g = e 2ρ g Eucl in the Euclidean unit ball B m with zero scalar curvature and nonpositive constant mean curvature along boundary, i.e., h(g) ≤ 0 constant. We extend here such result for degenerate elliptic equations.
Theorem 3.1. Let (f, Γ) be an elliptic data for conformal metrics and let c ≤ 0 be a constant. Then, there is no conformal metric g = e 2ρ g 0 in S m + , where (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of g = e 2ρ g 0 .
Proof. The proof will be done by contradiction. Assume that there exists a conformal metric in S m + , g = e 2ρ g 0 , ρ ∈ C 2,α S m + , that solves the above problem. Since S m + is compact, up to a dilation of g, we can assume (see Subsection 2.7), without loss of generality, that all the eigenvalues of Sch(g) are less than 1/2. By Theorems 2.10 and 2.14, we can assume that the associated horospherically concave hypersurface φ : S m + → H m+1 is embedded and it is contained in the halfspace determined by the equidistant hypersurface E(−c) to the totally geodesic hypersurface E(0), and such component contains n at its ideal boundary. We notice that, in the Poincaré ball model, since −c ≥ 0, the equidistant E(−c) is contained in the half-space determined by the totally geodesic hyperplane E(0) that contains n at its ideal boundary.
We consider the horospherically concave hypesurface Σ = φ S m + in the Hyperbolic space H m+1 that is associated to ρ. Moreover, the angle between the hypersurface Σ and the equidistant hypersurface E(−c) along ∂Σ is constant equals to cos(α) = − c √ 1 + c 2 , this follows from Proposition 2.13.
Recall that the support function associated to horospheres are solutions of the above degenerate elliptic problem. Now, we consider the foliation of the Hyperbolic space H m+1 by horospheres, {H(s)} s∈R , that have the same point at the ideal boundary of the Hyperbolic Space, p ∞ = s. We parametrize by the signed distance, s ∈ R, to the origin of the Poincaré ball model. Since Σ is compact, for s large enough negatively, Σ is completely contained in the mean-convex side of the horosphere H(s) (cf. Figure 3a when c = 0). We continue increasing s until we have the first contact point with Σ, let us say s 1 (cf. Figures 3b, 3c and 3d when c = 0) . This means that, for every s < s 1 , the hypersurface Σ is in the interior of H(s), H(s) ∩ Σ = ∅, and H(s 1 ) ∩ Σ is not empty.
Recall that
since the angle α between the normal η and the upward normal of E(−c) is acute or π/2, we get that the contact point is at the interior of Σ.
The horosphere H(s 1 ) with its natural orientation has its own representation formula over S m \ {s}. We consider such formula restricted to S m + and we denote its support function by ρ 1 . Since this horosphere is the first contact horosphere, we have that ρ 1 ≥ ρ on S m + . Also, there is no boundary contact point of Σ, so there is
In the case that we consider a m-dimensional compact, simply-connected, locally conformally flat manifold (M, g 0 ) with umbilic boundary and R(g 0 ) ≥ 0 on M, we have, Theorem 3.2. Set (f, Γ) an elliptic data for conformal metrics and c ≤ 0 a constant. Let (M, g 0 ) be a m-dimensional compact, simply-connected, locally conformally flat manifold with umbilic boundary and R(g 0 ) ≥ 0 on M. Then, there is no conformal metric g = e 2ρ g 0 , ρ ∈ C 2,α (M), such that
Proof. By a result of F. M. Spiegel [32] , there exists a conformal diffeomorphism between the Riemannian manifold (M, g 0 ) and the standard closed hemisphere S m + . This is done by using the developing map Φ of Schoen-Yau [30] and observing that umbilicity is preserved under conformal transformations. Hence, the boundary ∂M maps into a hypersphere in S m by Φ and therefore, Φ maps M into the interior of a ball. Thus, the statement follows from Theorem 3.1.
Observe that the above argument can be used into the non-degenerate case studied by Cavalcante-Espinar [6] . Specifically, Theorem 3.3. Set (f, Γ) an elliptic data for conformal metrics and c ≤ 0 a constant. Let (M, g 0 ) be a m-dimensional compact, simply-connected, locally conformally flat manifold with umbilic boundary and R(g 0 ) ≥ 0 on M. If there exists a conformal metric g = e 2ρ g 0 , ρ ∈ C 2,α (M), such that
where λ(g) = (λ 1 , . . . , λ m ) is composed by the eigenvalues of the Schouten tensor of the metric g = e 2ρ g 0 , then M is isometric to a geodesic ball in the standard sphere
Proof. So, as above, there exists a conformal diffeomorphism from M to a ball into S m whose boundary has constant mean curvature. Moreover, the elliptic problem on M pass to an elliptic problem for the pushforward metric on the geodesic ball. Thus, by [6, Theorem 1.1], such pushforward metric has constant Schouten tensor, i.e., all the eigenvalues of the Schouten tensor are equal to the same constant. Hence, M is isometric to the geodesic ball in the sphere by the work of F. M. Spiegel [32] .
Punctured geodesic ball
Now, we see that any solution of a degenerate elliptic problem in the punctured geodesic ball S m + \ {n} with minimal boundary is rotationally invariant. 
Proof. Let us defineρ :
Also, assume for a moment that R(∇ 2 ρ(x)(e m+1 )) = −∇ 2 ρ(x)(e m+1 ) for all x ∈ ∂S m + . We have that for x ∈ ∂S m + and v m = e m+1 ,
then ∇ρ is C 1 , henceρ is C 2 . Sinceρ : S m \ {n, s} → R is C 2 and it is a solution of a degenerate problem, from [21] , e 2ρ g 0 is rotationally invariant, thus g is rotationally invariant. In order to conclude the proof, let us see that R(∇ 2 ρ(x)(e m+1 )) = −∇ 2 ρ(x)(e m+1 ) for all
Definition 4.2. We say that a conformal metric g = e 2ρ g 0 in S m + \ {n} is a punctured solution of the problem
it is a solution of (18) and σ = e −ρ admits a C 2 -extensionσ : S m + → R with σ(n) = 0.
As a first observation, we have: Proposition 4.3. Let g = e 2ρ g 0 be a punctured solution of (18), then the associated map ϕ P : S m + \ {n} → R m+1 in the Poincaré ball model, i.e.,
for all x ∈ S m + \ {n}, admits a C 1 -extension to S In the case of a non-degenerate elliptic problem, we have the following , is a solution of a non-degenerate problem with constant mean curvature on its boundary. Then g 1 is rotationally invariant, so, g is rotationally invariant.
If ρ does not admit smooth extension on S m + , then by [20] , ρ is rotationally invariant, then g is rotationally invariant. This concludes the proof.
Compact Annulus
We consider an annulus in S m whose boundary components are geodesic spheres, that is, the domains we will consider in this section are the sphere S m minus two geodesic balls. Observe that, up to a conformal diffeomorphism, we can assume that the compact annulus is A(r), r ∈ (0, π/2), with minimal boundary. Here,
on ∂A(r), then g is rotationally invariant and unique up to dilations.
(a)
The hypersurface Σ is between two totally geodesic hypersurfaces: E(a, 0) and E(0). Proof. Let g 1 be a solution of the above degenerate problem. First, we show that g 1 is rotationally invariant. Using the same techniques than Cavalcante-Espinar in [6] , we get a conformal metric in S m \ {n, s} that is solution of the degenerate problem. Let us sketch this for the reader convenience. Using the representation formula, the horospherical hypersurface associated to g 1 is contained in the slab determined by two parallel hyperplanes and, by the boundary condition, the boundaries meet orthogonally such hyperplanes (cf. Figure 4a) . Thus, we can reflect this annulus with respect to the hyperplanes and we obtain an embedded complete horospherically concave hypersurfaceΣ 1 whose boundary at infinity are the north and south pole and, by construction, the extensionΣ 1 of Σ 1 is contained in the interior of an equidistant hypersurface to the geodesic joining the north and south pole, the radius of such equidistant is determined by the original annulus, then its horospherical metricg 1 is a solution to the degenerate problem in S m \ {n, s} (cf. Figure 4b ). In fact, the metricg 1 is C 2 in S m \ {n, s} (one can proceed analogously to the proof given in Theorem 4.1). From [21] , we have thatg 1 is rotationally invariant, thus g 1 is rotationally invariant. Now, we show that it is unique up to dilations. Again, using the parallel flow, we can assume that the hypersurface Σ 1 associated to g 1 is an embedded horospherically concave hypersurface.
By Theorems 2.10 and 2.14, we can suppose that the hypersurface is between the totally geodesic hypersurfaces E(0) and E(a, 0), where a = cot(r), 1 sin(r) n . Also, the hypersurfaces along the parallel flow will remain in such slab as embedded horospherically concave hypersurfaces.
Let Σ be the hypersurface associated to g and Σ t 1 the parallel flow of Σ 1 . Since Σ and Σ 1 are compact, there exists t 0 ≥ 0 so that Σ t0 1 has no intersection with Σ. That is, in the Poincaré ball model, Σ t0 1 is in the exterior of Σ, thus we can decrease t until Σ touches Σ t 1 for the first time. We denote this first contact hypersurface as Σ 1 . We have a contact point.
We claim that there is a boundary contact point. If not, let ρ 1 be the support function of Σ 1 and ρ be the support function of Σ. We have that there is x ∈ A(r) such that ρ 1 (x) = ρ(x), and, also,
, which is a contradiction.
Even more, we claim that both components of
Suppose that one component of ∂Σ 1 does not have a contact point with ∂Σ, we reflect both hypersurfaces with respect to the hyperplane that contains the component of ∂Σ 1 that touches ∂Σ. We have an extension Σ 1 of Σ 1 and an extension Σ of Σ such that they have an interior contact point and there is no boundary contact point. Then, repeating the arguments of the above paragraph, we get a contradiction.
Similar arguments show that at each level of A(r) there is a contact point between Σ 1 and Σ, i.e., for every s ∈ (r, π/2) there is x ∈ A(r), with d S m (x, n) = s, such that the support function of Σ 1 and the function support of Σ take the same value at x. The proof is also by contradiction. If there is no such x, then we use the reflection to attain a contradiction as above.
We know that ρ 1 and ρ are rotationally invariant. Since at every level of A(r), there is a point at that level such that ρ 1 and ρ are equal, we have that ρ 1 = ρ on that level, then ρ 1 = ρ on A(r). So, they are equal up to parallel flow. That is, g 1 is a dilation of g. This concludes the proof.
In case that the above elliptic data admits a punctured solution then there is no solution of the above problem. Specifically: Theorem 5.2. Set r ∈ (0, π/2). If the degenerate elliptic data (f, Γ) admits a punctured solution, then there is no solution of the following degenerate elliptic problem:
Proof. We will prove this by contradiction. Suppose that there is a solution of the above problem. Arguing as in Theorem 5.1, such solution can be extended to a solution g = e 2ρ g 0 on S m + \ {n}. Let Σ be the associated hypersurface to g. Using the parallel flow, we can assume that it is a horospherically concave hypersurface contained in the component C of H m+1 \ E(0) that contains n. Let g P be a punctured solution of the problem (18) . Since ∂Γ is a cone, the conformal metric e 2s g P is also a solution of the problem (18), for every s ∈ R. There is s 0 > 0, such that for all s ≥ s 0 the associated horospherical hypersurface φ s associated to the punctured solution e 2s g P is embedded and its interior is contained in the same component U. The family of hypersufaces {Q(s)} s≥s0 = {Im(φ s )} s≥s0 converges, in the Poincaré ball model, to the inclusion S m + \ {n} → Figure 5 . The first hypersurfaceQ of a punctured solution that touches the hypesurfaceΣ. S m . Also, every Q(s) admits a C 1 -extension to n in the Poincaré ball model contained in R m+1 and their tangent hyperplanes at n are parallel to the hyperplane
There is a t 1 > 0 such that the associated hypersuface Σ 1 to g 1 = e 2t1 g intersects the family {Q(s)} s≥s0 . Without loss of generality we assume that the associated hypersurface Σ to g intersects the family {Q(s)} s≥s0 . Also, there is s 1 ≥ s 0 such that:
Hence, we have found a first contact point. Observe that such contact point can not be at infinity, this follows since Σ is contained in the interior of the equidistant to a geodesic and the family Q(s) extends to n. Now, if the first contact point is an interior point then Q(s 1 ) and Σ are tangent at such point. If the first contact point occurs on the boundary, Q(s 1 ) and Σ are tangent at that point too, because all the hypersurfaces Q(s) are orthogonal to the totally geodesic hypersurface E(0) and Σ is orthogonal to E(0) too.
We reflect Q(s 1 ) and Σ with respect to the totally geodesic hypersurface E(0) and we obtain the horospherically concave hypersurfacesQ andΣ (cf. Figure 5) . Their support functions are defined in S m \ {n, s}. Let ρ 1 be the support function ofQ andρ be the support function ofΣ. Since there is a contact point in the Figure 6 . This is a slice of the hypersurface associated to σ k (λ 1 , . . . , λ m ) = cte using the Poincaré ball model for m = 3 and k = 1.
interior ofQ, there is 0 < δ < π/2 such that
where Ω = {x ∈ S m : δ < d S m (x, n) < π − δ} and there exists x 0 ∈ Ω such that ρ 1 (x 0 ) =ρ(x 0 ), but this contradicts [21, Proposition 3.1] . This concludes the proof.
It is important to say that the σ k -Yamabe problem in S m + \ {n} admits a punctured solution when 1 ≤ k < m/2. That punctured solution is associated to
where β = 1 − m/(2k) < 0, these solutions were constructed by S.-Y. A. Chang, Z. Han, and P. Yang [7] . When m is even and k = m/2, the σ k -Yamabe problem on the compact annulus has a solution g with σ k (λ(g)) = 0 and minimal boundary (cf. Figure when m = 3 and k = 1). Also, it is good to say that the assumption on the existence of the punctured solution is not a necessary condition for the non-existence of solutions of degenerate problems in the compact annulus with minimal boundary. We have seen that punctured solutions are rotationally invariant (cf. Corollary 4.4). Moreover, for the σ k -Yamabe problem when k > m/2, there is no solution to the degenerate problem with minimal boundary and, also, there is no punctured solution of these problems (cf. [7] ).
Noncompact annulus with boundary
Now we focus on different boundary conditions in the annulus. At one boundary component we will impose mild conditions on the metric and at the other we will impose constancy of the mean curvature of the conformal metric.
Our next result will say that any conformal metric g = e 2ρ g 0 in A(r, π/2] := x ∈ S m : r < d S m (x, n) ≤ π/2 satisfying certain property at its end and solution of a degenerate problem with non-negative constant mean curvature on its boundary, has unbounded Schouten tensor. In other words, we establish a non-existence result for degenerate (and non-degenerate) elliptic equations in A(r, π/2]. Specifically, Theorem 6.1. Let r ∈ (0, π/2), c ≥ 0 be a non-negative constant and g = e 2ρ g 0 be a conformal metric in A r, Proof. The proof is by contradiction. Suppose that λ(g) is bounded. Using the parallel flow we can assume that ϕ P : A(r, π/2] → B m+1 ⊂ R m+1 is a proper horospherically concave hypersurface. Recall that this property is invariant under the parallel flow.
Consider the continuous extension Φ : A(r) → R m+1 of ϕ P : A(r, π/2] → B m+1 ⊂ R m+1 , defined by Φ(x) = ϕ P (x) x ∈ A(r, π/2], x x ∈ S r (n).
We consider the foliation of H m+1 by horospheres {H(s)} s∈R having the north pole {n} as the boundary at infinity, s is the signed distance between H(s) and the origin of the Poincaré ball model. Since r > 0, we have that there is s 1 ∈ R such that H(s 1 ) ∩ Im(Φ) = ∅ and H(s) ∩ Im(Φ) = ∅ for s > s 1 .
Also, since c ≥ 0, the angle between Σ = Im(Φ) and the equidistant E(−c) is acute and the angle between the horosphere H = H(s 1 ) and the equidistant is obtuse, hence the first contact point is at the interior of Σ (cf. Figure 7 when c = 0). That is, there is x ∈ A(r) where φ P (x) ∈ H. Also φ A similar conclusion can be drawn for conformal metrics that are solutions of a non-degenerate elliptic problem that satisfy certain mild conditions. ∀ q ∈ ∂B r (n).
Set σ = e −ρ , if |∇σ| 2 is Lipschitz then ∇ 2 (σ 2 ) is unbounded.
Proof. The proof is by contradiction. We suppose that ∇ 2 σ 2 is bounded. Using the parallel flow, we can assume that φ : A(r, π/2] → H m+1 is a properly embedded horospherically concave hypersurface. Since h(g) = c, we have that the boundary ∂Σ is contained in E(−c).
Take a closed ball Q centered at the origin of the Poincaré model of radius big enough so that ∂Σ is in the interior of Q. Since f is homogeneous of degree one and f (1, . . . , 1) > 0, there is a constant λ 0 > 0 such that f (λ 0 , . . . , λ 0 ) = 1, and using the parallel flow, we can assume that 0 < λ 0 < 1/2.
We work in the Poincaré ball model. Consider the family of totally umbilic spheres in the Hyperbolic space centered at the x m+1 −axis, {Z(s)} s∈(−1,1) , such that the principal curvatures are equal to
Observe that the support function of all these totally umbilic spheres are solutions of the same non-degenerate elliptic problem.
Consider the continuous extension Φ : A(r) → R m+1 of ϕ P : A(r, π/2] → R m+1 , defined by Φ(x) = ϕ P (x) x ∈ A(r, π/2], x x ∈ S r (n).
Since r > 0, there is a δ > 0 such that for all s ∈ (1 − δ, 1):
(1) Z(s) ∩ Σ = ∅, (2) Z(s) ∩ Q = ∅.
We take one of them, say Z 0 = Z(s). In the Poincaré ball model, consider the circle centered at the origin 0 of radius s and passing through the center of Z 0 . Move Z 0 along this circle until we have the first totally umbilic hypersurfaceZ 0 touching the hypersurface. By item 2, the contact point is at the interior (cf. Figure  8 when c = 0). That is, there is x ∈ A(r) such that ϕ P (x) ∈Z 0 . At such contact point, the canonical orientations of Σ andZ 0 agree. Let ρ 0 be the support function of Z 0 restricted to A(r), then we have that ρ ≥ ρ 0 on A(r) and ρ(x) = ρ 0 (x), then by the strong maximum principle, ρ = ρ 0 . So, Σ is part of a sphere, but Σ has non-empty ideal boundary. This is contradiction, which concludes the proof.
In this part, it is good to say that it is possible that the punctured solution in Theorem 7.2 might not exist. For example, the Yamabe problem, or Liouville Problem in the annulus A(r) ⊂ S 2 , 0 < r < π/2, has a solution with zero scalar curvature and minimal boundary, then there is no punctured solution for the Yamabe problem on S 2 + \ {n}. The solution of that problem is given by the conformal metric g = e 2ρ g 0 in A(r), 0 < r < π/2, where (cf. Figure 9) e 2ρ(x,y,z) = 1 σ 2 (x, y, z) = 1 1 − z 2 for all (x, y, z) ∈ A(r). Also, in dimension m > 2, we can define the conformal metric g = e 2ρ g 0 in A(r), 0 < r < π/2, analogously, i.e., e 2ρ(x1,...,xm+1) = 1 σ 2 (x 1 , . . . , x m+1 ) = 1 1 − x 2 m+1 for all (x 1 , . . . , x m+1 ) ∈ A(r), but this conformal metric has constant scalar curvature equals to (m−1)(m−2) > 0. When m is even and k = m/2, this conformal metric is a solution of the degenerate σ k -Yamabe problem in the compact annulus A(r) with minimal boundary. In the case of the complete annulus with boundary, we have Theorem 7.3. Let r ∈ (0, π/2), c ≥ 0 be a non-positive constant and g = e 2ρ g 0 be a conformal metric in A r, 
